The paper presents 3-D viscoplastic analysis of adhesively bonded single lap joint considering material and geometric nonlinearity. Total Lagrangian formulation is used to develop a 3-D finite element for geometric nonlinear analysis. The overall geometry of the single lap joint, the loading, and the boundary conditions has been considered, both according to the ASTM testing standards and from those adopted in earlier investigations. The constitutive relations for the adhesive are developed using a pressure-dependant (modified) von Mises yield function and Ramberg-Osgood idealisation for the experimental stress-strain curve. The adherends and adhesive layers are both modelled using 20-noded solid elements. However, observations have been made, in particular, on peel and shear stresses in the adhesive layer, which provide useful insight into the 3-D nature of the problem.
NOMENCLATURE I I
Second and third invariants of the deviatoric )2')3 stress 
GEOMETRICAL NONLINEAR FORMULATION FOR 3-D CASE Shear modulus
Three-dimensional materialand geometricnonlinear analysis of adhesively bonded single lap joint are presented.This paperfocusses on the explicitformulation of the total Lagrangian method in the context of a 3-D case, and hence,the elasto-viscoplastic formulation is given briefly':", The formulation is restricted to only large deformation and large rotation, but small strain problems and external loading is assumed to be constant during the deformation of the structure. The isoparametric formulation of the total Lagrangian case and various terms involved are presented explicitly. The objective ofthis study includes the 3-D modelling ofadhesively bonded single lap joint with the adhesive layer as a viscoplastic material. Observations have been made on peel and shear stress distributions in the adhesive region through parametric study and the 3-D regions in a single lap joint have been identified. Vector of second Piola-Kirchoff stress is a Jacobean matrix defining the deformed state. The change in length can be written as
The formulation of geometric nonlinearity and the explicit form of Lagrangian formulation can be referred to in detail in Zienkiewicz!",
Deformation
define the rectangular coordinates of a material where (4) which shows that the second Piola-Kirchoff stress is also a symmetric one.
is the Lagrangian definition of the strain (Green's strain) and
Explicit Form of Lagrangian Formulation

Strain-displacement Relationships
is the Eulerian definition of strain.
(5) The Green's strain in vector notation in the context of 3-D solids can be written using the engineering definitions as Substituting Eqn (1) in Eqns (4) and (5), the explicit engineering expressions for the strain components are obtained.
Definitions of Stresses
The natural definition of stresses cr is the Eulerian one referring in the usual way to the forces per unit deformed area. The forces acting on the area dA are given in the vector form as and (13) dF=crdA (6) and so on. The strain matrix is given as As per Hill's" definition of conjugate pairs of stress and strain variables, for the Green's strain, the conjugate stress is the second Piola-Kirchoff stress CJ. The equivalent force vector acting on an original undeforrned area dA is given by an expression where eo is the usual linear, infinitesimal strain vector and e, is the nonlinear contributions.
But the relation between dA and dA is given dF =CJdA and the actual force on the deformed area dF=JdF (7) (8)
Nonlinear Equilibrium Equations
The governing nonlinear equilibrium equations will be established from the virtual work equation, in the Eulerian coordinate system. This is given byls the integration over the deformed volume V and the deformed area A as by (9) 
or From Eqns (7) to (10), one has the stress transformation relation as (10) (11) The specific form of the above equation proposed by Perzyna" is employed as
Since the virtual displacements do are arbitrary, Eqn (30) gives the equilibrium equations in the discretised 'form as where the vector of equivalent nodal loads J, which comprises the vectors due to the body forces 1;" applied tractions f" nodal forces J;" initial stress J ' and the initial strain f. is given by 00 £0 (35) in which y is the fluidity parameter controlling the plastic rate,4>(F) is a positive monotonic increasing flow function, and the notation <> implies that the viscoplastic straining occurs only for values of 
and This is identical with that obtained in the infinitesimal displacement case with the crucial exception that B is a linear function of the nodal displacement s. (37) in which M and N are constants. The fluidity parameter y and the function 4>(F) are determined experimentally. Finally, the total rate of stress medium can be expressed as
ELASTO·VISCOPLASTIC ANALYSIS OF SOLIDS
Viscoplastic Constitutive Law for Adhesive Material (38) I
Viscoplastic behaviour is governed by the scalar yield function of the form where Cijll is the usual constitutive tensor for elastic materials.
(33)
As the material considered is isotropic, the yield function F is rewritten as in which cry is the uniaxial or effective yield stress, £:J' is the viscoplastic strain, k is a history-dependant hardening parameter and the value of F < 0 implies an elastic state. The viscoplastic strain rate is expressed in its general form as a function of the current stress according to (39) In the similar way Q is also defined, in which (Jill is the mean stress and J; and J~are the second and the third invariants of the deviatoric stresses, (Sij)' respectively. where (45) lap joint of eccentric loading. Explicit form of total Lagrangian approach is adopted. On the part of establishing equilibrium equations, incremental formulation is implemented in which static and transient values are updated incrementally corresponding to the successive time steps (or load steps) to trace out the complete solution path. In this solution, it is important that the governing finite-element equations are satisfied at each time step to sufficient accuracy,....otherwise the solution errors can be significantly accumulated and which can lead to the solution instabilities. These aspects as well as incremental time-stepping algorithm for the elasto-viscoplastic problem have already been covered".
Displacement convergence criterion is used with the tolerance limit in the order of 10-2 to 10- (44) where v is the Poisson's ratio, r; is the second invariant of deviatoric strain tensor and 'i' is the first invariant of the general strain tensor.
In this analysis, the nonlinear stress-strain behaviour of the adhesive material is represented by Ramberg-Osgood equation as well as by a bilinear hardening curve. Ramberg-Osgood curve was obtained by the least square techniques.
FINITE-ELEMENT MODELLING where i
Vp \ is the effective strain rate at the end n+ of the nth iteration. TOLER is the specified tolerance. The finite-element analysis is based on large displacement and large rotation but small strain assumption, which ·isphysically appropriate for single Maximum peel stress decreases for the analyses oflinear-elastic, elastic with geometric nonlinearity, elasto-viscoplastic, and elasto-viscoplastic with geometric nonlinearity.
Geometric nonlinear analysis reduces the maximum peel and shear stresses at the end portion of overlap for both elastic and elasto-viscoplastic solutions. • • • For linear-elastic and elasto-viscoplastic analyses, the load is applied in one increment whereas for geometric nonlinearity, the load is applied in ten increments of equal load factor. The initial yield stress for adhesive and adherend are given larger values so as to remain in elastic region for linearelastic and elastic solutions with geometric nonlinearity. Deformation of a single lap joint under the effect of geometric nonlinearity can be seen in Fig. 4 . Table I . A single lap joint is analysed for four different cases, viz., linear-elastic, elastic solution with geometric nonlinearity, elasto-viscoplastic and elasto-viscoplastic with geometric nonlinearity. For linear-elastic and elasto-viscoplastic analyses the load is applied in one increment whereas for geometric nonlinearity, load is applied in ten increments of equal load factor. The initial yield stress for adhesive and adherend are given larger values so as to remain in elastic region for linear-elastic and elastic solution with geometric nonlinearity. Viscoplastic analyses are performed by adopting the explicit scheme with the initial time step length equal to 0.1 and time step increment is 1.5. Explicit time scheme is being used instead of implicit time scheme since Pandey" has shown that the execution time per iteration for implicit scheme is more and the economical and 
RESULTS & DISCUSSION
Influence of geometric nonlinearity: Comparison of stress distribution in the adhesive layer for linear-elastic, elastic solution with geometric nonlinearity, elasto-viscoplastic solution and elasto-plastic solution with the geometric nonlinear effect. Elasto-viscoplastic analysis: Peel and shear stresses at different time from linear to steady state when the adhesive material is viscoplastic.
Elasto-viscoplastic Analysis
Peel and shear stress distributions at the middle layer of the adhesive in the central section of the joint is shown in Fig. 7 . The lap joint is subjected to the tensile load of 200 MPa in one increment and the adhesive material is given elasto-viscoplastic properties. Stresses are redistributed in the adhesive layer till it reaches the steady state solution. The stress curves show the stress variation at di fferent time values, starting from time equal to zero, which is the linear elastic solution. The steady state solution From the above two observations it can be deduced that the reduction in peak peel stress is more pronounced than reduction in peak shear stress due to the effect of geometric nonlinearity for both the linear-elastic and elastoviscoplastic analyses. which corresponds to elasto-plastic analysis was reached over the period of 27.1 s and it took 66 iterations. From the plots, following points can be deduced: • Peak shear stress decreases with the increase in period and there is shift in the location of peak stress towards the middle region of overlap length indicating the sensitivity of viscoplastic material with time.
• Steady state peak shear stress is around 72 per cent of the linear stress value. With regard to shear stress, the behaviour is visibly 3-D for all the ratios.
• Behaviour at the centre: The peel and shear stresses are picked at the centre of the overlap length. Comparing with 2-D value, it is clear that the 3-D behaviour is enhanced throughout the width, but it should be noted that the magnitude is not very significant from 2-D value for both the peel and the shear stresses.
• Behaviour at other places: The peel distributions at other places also show 3-D regions clearly from the plane strain locations. But on the part of shear stress, plane strain value is matching with the stresses at the centre of the lateral width and at the overlap locations 10-20 per cent on either side of the centre.
It is not the same case at 30-40 percent of the lap length and 3-D effect is more pronounced for the full width. Shear stresses too show the variations but the differences on the magnitude are in the range of 2 MPa to 6 MPa.
CONCLUSIONS
Three-dimensional geometric nonlinear finiteelement analysis of adhesively bonded single lap joint, considering viscoplasticity, is presented. Total Lagrangian method is formulated to consider the geometric nonlinearity in a single lap joint due to finite rotation of the joint. The stress-strain of the adhesive material is modelled by the RambergOsgood equation. Modified von Mises criterion is employed for the adhesive material. Viscoplastic analysis together with geometric nonlinearity gives the reduced stresses at the end of overlap than the elastic solution. From the observations made on the identification of 3-D zones, it is concluded that 3-D analysis shows significantly different distribution of stresses from the plane strain analysis away from the central region. Hence, the need for 3-D analysis is recommended for behavioural study and joint design.
